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Abstract 

Let be the unit ball in C" and let the points ai, ■ ■ ■ , a„+i € 
are afhnely independent. If / G C{dB'^) and for any complex line L, 
containg at least one of the point aj the restriction f\LndB^ extends 
holomorphically in the disc L n -B", then / is the boundary value of a 
holomorphic function in B^. The condition for the points aj is sharp. 

1 Introduction 

Forelli theorem [7] on holomorphicity on complex slices, which, in a sense, 
can be regarded as a variation of classical Hartogs' theorem about separate 
analyicity, says that if a function f of n complex variables in a domain 
D C C" is holomorphic on each complex line L passing through a fixed point 
a E D and / G C°°{{a}) then / is holomorphic in a neighborhood of a (in 
fact, in a maximal subdomain which is complete circular with respect to a). 

One might think of a direct boundary analog of Forelli theorem obtained 
by replacing the words '"holomorphic function"' by "boundary value of holo- 
morphic function" ' and " 'holomorphic on a complex line L " ' by " 'holomor- 
phically extends in L"'. 

However, such direct analog fails. Indeed, let -B" be the unit ball in C". 
The function f{z) = on the unit sphere dB"^ = {{zf + ■ ■ ■ = 1} is 
constant on circles L fl dB"- obtained as intersections of the unit sphere with 
the complex lines L passing through 0. Thus, / extends holomorphically (as 
a constant) in the discs L fl i?" but does not extend in 5" as a holomorphic 
function of n variables, because it is real- valued and non-constant. 
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In the recent preprint pQ, the author proved that if / is real analytic on 
the complex sphere dB"' then two bundles of complex lines suffice. More 
precisely, the result of [1] says that if / G C"^((9i?") and a, 6 e B"-, a ^ b, 
and if for each complex line L, containing at least one of the points a, b, the 
function / holomorphically extends in each disc L fl dB^, then / extends 
in i?" as a holomorphic function. J. Globevnik |S] strenghened this result, 
replacing by C°°. He also studied in details the case when one of the 
point a, b or both of them belong to the interior of the ball. L. Baracco [3] 
gave an alternative proof of the result in [1], which extends also to so called 
extremal discs. 

Regularity of / is essential. The following example was found by J. 
Globevnik. The function f{z) = z^/zn on the unit sphere dB^ extends holo- 
morphically through each complex line intersecting the hyperplane Zn = 
but does not admit holomorphic extension in the ball B^. Notice for any 
prescribed r the function / belongs to C^i^dB^) for sufficiently large /c, but 
/ i C^^dB""). 

In the above example, the vertices of the bundles of the complex lines lie 
on a hyperplane. It was conjectured in [1] that this is the only obstruction 
for boundary Forelli theorem to be true for continuous functions: 

Conjecture 1 (JJlJAny n + 1 bundles of complex lines with the vertices 
ai,...,a„+i e B^ in general position do test boundary values f G C{dB'^) 
of holomorphic functions in the unit ball -B" C C". 

In this article, we prove this conjecture (Theorem [2]). The proof is based 
on a modification of ideas and constructions from [Ij, where the reduction 
was used to a problem of characterization of polyanalytic functions in the 
unit disc [2]. 

For some earlier results in the problem, we refer to articles [1],[6],[8]. More 
extended bibliography can be found, for instance, in [Ij. 

2 Main results 

Let us formulate our main result. 

Theorem 2 Let A = {ai, ■ ■ ■ , a„+i} C B^ be n+1 points in general position, 
i.e. belonging to no {n — 1)- dimensional complex plane. Let f G C{dB'"') and 
assume that the following condition holds 
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(*) for every complex line L C C" such that L r\ A ^ ^ there exists a 
function Fl E C{LnB ), holomorphic in Lfl-B" and such that Fl{z) = f{z) 
forzeLn dB'\ 

Then there exists a function F G C{B ), holomorphic in i?" ans such 
that F{z) = f{z) for z G 95". 

Remark 3 Obviously, the set A in Theorem\^can he taken any, not neces- 
sary finite, nonempty subset of B"^ belonging to no complex hyperplane. 

Denote the ball-algebra of all continuous functions that extend 

continuously in B as a function holomorophic in the open ball. 
Given a G C", denote 

Ca = {all complex lines in C" containing a}. 

In this notations, Theorem |2] asserts that the holomorphic extendibility 
of / along complex lines L G Cai U- ■ -UCan+i: where the points aj are affinely 
independent, implies that / G A{dB^). 

The proof of Theorem rests on the following 

Theorem 4 Let a,b G B", a ^ b. If a function f G C{dB^) extends holo- 
morphically in every complex line L E CaU Cb (*) then it extends in complex 
lines L E Cc for any point c G -B" on the complex line joining a and b. 

Propositions Theorem\^ follows from Theorem^ f or n = 2. 

Proof Theorem H] implies that / extends from complex lines meeting the 
affine span of the set A = {ai, ■ ■ ■ ,a„+i}. By the condition, spanA = 
and therefore / extends in all cross-sections L fl dB"^ by arbitrary complex 
line L. Then it is easy to show that / G ^4(95"). For instance, by convolving 
on the unitary group SU{2), one can approximate / by smooth functions. 
Applying Cauchy-Green formula to cross-sections L fl 5" and letting L to 
tend to a tangent line at the sphere dB"^ lead to tangential CR-conditions 
for / on the boundary. This implies / G ^4(9-8"). 

Proposition 6 The case of arbitary n in Theorem^ follows from the case 
n = 2. 
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Proof Take an arbitrary point c G La^b H and an arbitary complex line 
containing c. Let 11 be the complex 2-plane spanned by the complex lines L^^jj 
and Lc- Then 11 fl 5" is a complex ball and the restriction f\undB" extends 
in each complex line L C 11 passing through a or b. Therefore, we are in the 
situation of Theorem H] and by assumption / extends holomorphically in the 
complex line L^. Thus, / extends holomorphically in complex lines from Cc 
and Theorem H] in arbitrary dimension follows. 

In fact, the proof of Theorem H] contains an explicit description of func- 
tions / e C{dB"') that extend in the complex lines from two bundles Ca and 
Lb, CL,b & B^. For simplicity, we restrict ourselve by the case n = 2. 

Applying suitable automorphism form Aut{B'^) we can assume, without 
loss of generality that a = (oi, 0), 6 = 0). 

Theorem 7 Let a,b e B"^ n {z2 = 0}. and f G C{dB'^). Then f extends 
holomorphically from the complex lines, passing through at least one of the 
points a and b, if and only if Fourier series in the angular variable of Z2 has 
the form 



f{z^,re''^) = J]F-(^i,r)rV'^<^ = J^F'^l^i, \z2\)z'„ z^ = re'^ (1) 



where hj are continuous functions in the disc {\zi\ < 1}, holomorphic in 



Clearly, the above mentioned example of J. Globevnik is a particular case of 
the functions described by Theorem [71 

Corollary 8 If f ^ C°°{dB'"') then extendibility in the complex lines 

only from two bundles Ca, Cb, where a,b E 5", a ^ b, implies f G A{dB^). 

Proof First of all, it is shown in [IJ that it suffices to prove the assertion for 
the case n = 2. 



The condition / G C°°{dB'^) demands that all the terms in the represen- 
tation (P,©: 



oo 



oo 



V 





{\Z,\<1}. 



oo 




v=0 0<2j<v 



4 



with j > must be be identically zero. In other words, 



is holomorphic. Then 

oo 

f{z,,Z2) = Y,K{^i)4. W\'+\z,\' = l, (3) 

extends holomorphically in + |2;2p < 1. The extension is delivered just 
by the right hand side in 

3 The approach 

We follow the strategy of our previous articles [1] and |2]. There the test of 
holomorphic extendibilty from the complex sphere was obtained for regular 
functions / and two bundles of complex lines. The main case was n = 2. We 
assumed, without loss of generality, that the vertices of the bundles belong 
to one of the complex axis. 

The first step in [1] was to develop / in Fourier series with respect to the 
rotation group around the axis and reduce the original problem to a problem 
in one complex variable. Namely, the original problem about holomorphic 
extenstions in two bundles of complex lines converts to characterization those 
functions in the unit disc that admit meromorphic extension into two fam- 
ilies of concentric hyperbolic circles. Such problem was solved in [2], even 
for general one-parameter families of circles. However, the regularity (real- 
analyticty) of functions was used essentially. In the present article, we solve 
the above one-dimensional problem for much more special family, than in [2], 
namely for concentric hyperbolic circles , however under regularity conditions 
which are met in our case. 

It is worth noticing that the reduction to one- dimensional case is different 
from that in pQ. Namely, we consider the Poisson interal associated to the 
Laplace-Beltrami operator, invariant with respect to the group Aut{B^) of 
biholomorhic automorphisms of the ball. We tranlsate the original problem 
in terms of invariant Poisson integral and then reduce it to a problem in the 
complex disc by double expansion: first in Fourier series with respect to the 
rotation group about the axis containing the vertices of the bundles, and 
then developing the result in Taylor series. 
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The crucial advantage of exploiting the invariant Poisson integral is that it 
is real- analytic and, moreover, develops into power series in B^. This allows 
to solve corresponding one- dimensional problem, by reducing the order of 
singularity of the meromorphic extension and then using the result from [5] 
for continuous functions and hyperbolic cirlces. The original problem for the 
complex sphere follows immediately from the reduced problem in the disc. 

Moreover, the constructions in the proof of Theorem H] (which implies 
E]) lead to an explicit description (Theorem [7]) of those continuous functions 
on the complex sphere that admit holomorphic extension from two bundles 
of complex lines. In particular, this contains the results of [1],[5] about 
sufficiency of two bundles for testing smooth boundary values of holomorphic 
functions on the complex sphere. 



4 Preliminaries 

From now on, we will focus on proving Theorem H] for n = 2. 

Denote G = Aut{B'^) the group of biholomorphic automorhisms of the 
complex ball B^. Every automorphism is a Moebius transformation and 
maps affine subspaces to affine subspaces. Given a set A C -B" denote: 

Ga,h = {ujeG = AutiB"^) : uj{0) G {a, b}}. 

For arbitrary function g G C{dB'^) introduce the functions (complex mo- 
ments): 

9m{z):= j g{\z)X^d\. (4) 

|A!=1 

Lemma 9 The condition (*) of Theorem [7] is equivalent to 

(/ o (jj)m{,z) = 0, m = 0, 1, ■ ■ ■ ,/or all z G dB^ andfor all u G Ga^b (5) 

Proof First, consider the bundle Cq of all complex lines pasing through the 
origin. Then the sections L fl dB^ are circles 

C, = {Xz:Xe C}, z G dB\ 

A function g extends from the cirlce inside the disc |A| < 1 if and only if 
the complex moments gm{z) = 0, m = 0, 1, ■ ■ ■ . 
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Now, the automorphisms lo G Ga transform the bundle Co in the bundle 
Ca or in the bundle Cf,. T he holomorphic extendibility of / from the complex 
lines from £„, Cf, is equivalent to holomorphic extendibilty of / o cj, u E Ga,b 
from the complex lines from Co and hence Lemma [9] follows. 

Remark 10 In fact, it suffices that condition (*) of Theorem or equiva- 
lent condition (EP hold for some two automorphisms Ua,cob G Aut^B"^), such 
that 0Ja{0) = a,ujii{0) = b, since other automorophisms from Ga,b ore ob- 
tained from ujaiOJi, by composing with automorphisms leaving the vertex a or, 
correspondigly, the vertex b fixed. The latter automorphisms map the corre- 
sponding bundles Ca, Cb onto themselves. 



5 Invariant Poisson integral 

Introduce the invariant Poisson kernel ([7]): 



2\2 



where {z,^) = ziC,i + ^2^2 is the inner product in C^. The invariant Poisson 
kernel P{z,C,) is defined on {B x B ) \ {z = It is well related to the 
Moebius group and the invariance property is expressed by the identity 

P{uz,uO = P{z,0 

for all w G G = Aut{B^). 

Given a function / G C{dB^) denote 



JdB^ 



the invariant Poisson integral. Here dA is the area measure on the unit 
complex sphere. 

The function P{f) is continuous in the closed ball and has / its boundary 
values: 

Pif){z) = f{z), zedB\ 
In the open ball B^, the function F = P{f) is M-harmonic which means 

AF = 0, 
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where A is the invariant Laplacian: 

i,k=l 

Since the operator A is elhptic, the function F is real-analytic in the open 
ball B^. This circumstance will be important in the sequel. 

Lemma 11 The condition (*) of Theorenn\^is equivalent to 

{PfoLo)miz) := j {Pfouj){\z)X^d\ = 0, m = 0,l,-- - , z e B^'Jor alltu E Ga- 

|A|=1 

(7) 

Proof First of all, due to the AutlB"^)— invariance, Pf o uj = P{f o uj) and 
hence {Pf o u)m = P{f o w)m = P{{f o w)^). Clearly P((/ o = in 5^ 
is equivalent to (/ o = on dB^. 

6 Separation of variables. Moment condi- 
tions in terms of Fourier coefficients F'^ 

As above, denote F = Pf. We fix the points a,b E B"^ and denote L^^fe the 
complex line containing both points a and b. Applying a unitary rotation of 
the ball, we can assume, without loss of generality , that 

a = (ai,0),6= (6i,0). 

Our main assumption is that all the moments vanish: 

{Fooj)Uz) = 0, zeB^, m = 0,l,-- - , (8) 

where u G Ga,b C Aut{B^), i.e. uj{0) G {a,b}. 

Our aim is to prove that the same moment condition holds if w(0) G La^b- 
We start with simplyfying the form of the function F{zi, Z2) = Pf{zi, Z2). 

Substituting in the Poisson integral the power decomposition of the Pois- 
son kernel (E]) 

P{z,i) = {\-\z\f J2 (n + l)(m+l)(^,er(^'", 

n,m=0 
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and integrating in ^ yields the decomposition of the Poisson integral 

oo 

F{z)=Pf{z)= Cin,m,k,l^lZT^1^2- 
n,m,k,l=0 

which uniformly converges on compacts in the open ball B^. 

Fix z/ G Z. The terms with m — I = u have the form an,i+v,k,iZi'zWz2\'^^ Z2 
and we can rewrite the series as follows: 

00 

F(zi,Z2)= F''i^iA^2\)z'2, (9) 



where 



and 



F''{z,,z,) = F'^iz,, \Z2\) := YAii^^)\^2f (10) 



1=0 



00 



Aiizi) = Yl <Hu,Ki^i~4- (11) 

n,k=0 
2 

This power series converges in B , uniformly on compacts in the open ball 
i?^, and represents the function F'^ which is continuous in B"^. It is easy to see 
that F'^{zi, 1-^2 1) is obtained by integration and expresses through Fourier 
coefficients on the circles |2;2| = const: 

F%z,, |Z2|)4 = Fiz,,e''^Z2)e-""^d<p. (12) 





Lemma 12 The function F'^{zi, |-22|)(1 — l-^ip)'^ is continuous in the closed 
ball 5^ 

Proof The representation f fT2l) yields that the function 

M{Z,,Z2) ■.= F%z,,\z2\)z^, 
belongs to C(i? ). We have on the sphere 1^;^ + |z2p = 1 : 

F-'iz,, |^2|)(1 - = \z2\'"'z^''M{z,,Z2) = -^Miz,,Z2). 
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and the right hand side is continuous on the sphere \zi\'^ + \z2\'^ = 1. The 
function Fi,{zi, Z2){1 — \zi\'^y is the sum of the power series (fTUj) and hence 
it is continuous in the closed ball by Abel's theorem. 

Let c G La^f, = {z2 = 0}, c = (ci, 0). The automorphism u sending to c 
can be taken 

uj{z) = UJ,{z) = (-— — , ). 

1 + CiZi 1 + CZi 

Lemma 13 The following conditions for the functions F" are equivalent to 
the moment condition ^ for the function F and the automorphism u = Uc-' 

1. for every z/ > and for every z & B"^ the function A i— )■ {F'^ o uj(){\z) 
continuously extends in the disc |A| < 1 as a meromorphic function 
with the single singular point A = which is the pole of order at most 

2. for every z/ < and for every z & B"^ the function A ^ {F'^ o u)c){Xz) 
continuosly extends in the disc |A| < 1 as a holomorphic function. 

Proof Let us start with the case of the identical automorphism, uj{z) = z. 
We have 

/oo „ 
F{Xz)X"'dX= / F''{Xz)X'z^X'^dX. 

|A|=1 '^=-~|A|=l 

The left hand side is for all z G -B^ is equivalent to the each term in the 
right hand side to be 0, because one can arbitrarily rotate the variable Z2 in 
the right hand side. But vanishing complex moments 

j F^{Xz)X''^"'dX = 

|A|=1 

exactly means that the function 

A ^ F^{Xz)X'' 

extends holomorphically in the disc |A| = 1. This proves Lemma [13] for the 
case cu = id. If we replace uj = id hy co = Uc then we will have from (P 

^ /I \ \2\u/2 u 

v=—oo ^ ' 
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Therefore 

d _ \c\^Y/^ 

The statement of Lemma [T^ is checked aheady for {F ou)". Since |c| < 1, 
the factor (1 + is holomorphic in \zi\ < 1 and has no zeros, therefore 

F'^ o Uc possesses same type of meromorphic or analytic extendibilty. 



7 Moment conditions in terms of Taylor co- 
efficients A^. 

From now on, we fix z/ G Z and focus on the checking the conditions 1 and 2 
for the function F"" in Lemma [131 Since u is fixed we will ommit the upper 
index u in fllip and denote Ai{zi) = Ai{zi). Then we have 

oo 

F%z,,\z2\) = Y.A{z,)\z,\'K (13) 

We also know that 

F''{z^,\z2\)z^,eC(B'). 



Lemma 14 The conditions 1,2 of Lemma [731 are equivalent to the following: 
for any r G (0,1) the functions Ai{y^^) -^j^^^^ extend continuosly from 
\zi\ = r to \zi\ < r as a meromorphic function with the pole at z = of order 
at most max{v, 0). 

Proof We have from ( IT3il : 

°° -I- I 1 2' 

Therefore for |A| = 1: 

(F^oa;,)(Az) = yAK^^^) V^ksP^ 

^ 1 + (l + cA;2i)Ul + cAzi)'' " 
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Since \z2\ is variable, we conclude that the meromorphic extendibility of the 
function 

A ^ {F" oujc){\z) 

from the circle |A| = 1 to th edisc |A| < 1 with the pole at A = of order at 
most maa:(z/, 0). is equivalent to the meromorphic extendibility of the same 
type for the functions 

Zi+Ci 1 

A I-)- AA ) = . 

Here \zi\ < 1 is arbitrary. Finally, the meromorphic extendibility in A from 
|A| = 1 can be obviously reworded as meromorphic extendibility in zi from 
the circles |zi| = r, < r < 1. 

Lemma 15 For each I, the function 

5K^i):=Az(^i)(l-kir)'+^ (14) 

develops in the open disc < 1 in power series in Zi,^i and is continuous 
in the closed disc {\zi\ < 1}. 

Proof The representation as a power series follows from the construction 
of the functions Bi ([H]), flTT]) . The function F^[zi, \z2\) is represented by a 
power series that converges in the ball \zi\^ + \zi\'^ < 1. We can extend this 
representation in the complex space by replacing the variable |z2p by the 
complex variable w = |^2p- Then we obtain a function 

oo 

F%z,,w) = J2Mz,)wK (15) 

1=0 

For each fixed Zi, |zi| < 1, the power series in w converges in the disc 
l^l < 1 — l-^ip- The Taylor coefficient Ai{zi), corresponding to w', expresses 
via the integral: 



Then we have 



2m 

ICI=i 



5K^i) := A{z,){l - \zi\y+'' = const I F^(zi, (1 - 1^1^0(1 - 



ICI=i 



(16) 
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The function Bi is the sum of a power series and hence is continuous up to 
the circle \zi\ = 1 because the function 

F''{zi,w){l-\zi\^)u 

is continuous on the sphere + |wp = 1 by Lemma [T^ 

8 Meromorphic extension of functions Bi(zi) 
from hyperbolic circles 

We introduce the hyperbohc circles 

H{c,r) = { ^\^_^ : \zi\ = r.} 

i + CZi 

The circle H{c,r) is the image H{c,r) = udCr) of the circle Cr = {\zi\ = r} 
under the confimal automorihism Uc{z) = {z + c)(l + cz)~^) of the unit disc. 
The point c is the hyperbolic center of H{c,r). The Euclidean center and 
radius of the cirlce H{c, r) are, correspondingly: 

l-r2 ^ ^ l-|c|2 
e(c,r) = c- t{c,r) = r 



Lemma 16 The conditions 1,2 of Lemma [7g| for the function F'^ and for 
the automorphism Uc are equivalent to the following: 

(*) for any r G (0, 1), the functions Bi, defined in Lemma [TS[ meromor- 
phically extend from the hyperbolic circle H{c,r) as a meromorphic function 

with the only singular point- a pole at the Euclidean center e(c, r) of order 
at most max{v, 0). 



Proof Due to Lemma [HI it suffices to translate the conditions for the func- 
tions Ai formulated in Lemma [H] in terms of the functions 

Bi{z,) := Mz,){l - \z,\^)'+r 

Consider the superposition of Bi with the automorphism Uc '■ 
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By Lemma [El the function 

Zi+ c 



M{z) := A{ 



1 + CZi (1 + cz 



extends from \zi\ = r with the prescribed singularity at = of order u. 
We have on | Zi | = r : 

Bi{^^) = const— -^-—M{z,)- ^ 



1 + CZi {l + CZiy+'' '{l + CZiY' 

On the circle \zi \ = r, we have 

Zl = — 

Zl 

and therefore the meromorphic extension of Bi into the disc \zi\ < r is given 
by the function 

1 z" 
const- --—M(zi)- — r— . 

{l + cziy+'' ^ ' {zi + cr^Y 

Consider the case z/ > 0. The pole of M{zi) at 2:1 = is cancelled by the 
factor z'(. Instead, the meromorphic extension develops a pole of the order 
< z/ at the point 

Zl = —cr'^. 

It remains to notice that the automorphism Uc sends the circle \zi\ = 1 to 
the hyperbolic circle H{c,r) and the point — cr^ to the Euclidean center of 
H(c,r): 



—cr"^ + c 



UJc{-cr ) = = e(c,r). 

1 — |c| 

Therefore, the extension of Bi\H(c,r) develops a pole of order at most u at the 
Euclidean center e(c, r). The case z/ < is treated analogously, but in this 
case no poles appear. 



9 Reduction of Theorem [4] to characteriza- 
tion of polyanalytic functions in the unit 
disc 

We will write z instead of zi and a,b instead of 02,61, correspondingly. It 
will be convenient to introduce a temporary terminology. 
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Definition 17 Let z/ G Z. We say that a function E in the unit disc A 
satisfies the condition {H, a, z/) if for any hyperbolic circle H{a, r), < r < 1, 
the restriction f\H{a,r) extends continuously in the disc bounded by H{a, r) as 
a meromorphic function with the only singular point- a pole, of order at most 
max{h',0), located at the Euclidean center e{a,r) of the circle H{a,r). 

What we have proved in the previous sections can be summarized as 
follows: 

• The functions Bi satisfy the conditions [H, a, v) and (if, 6, v). 

• Theorem |U and therefore the main result-Theorem [21 will be proved 
if we will be able to derive that satisfy the condition (if, c, v) for 
arbitrary point c G A. 

It is easy to give sufficient conditions for functions to satisfy the condition 
(if, c, v) for all points c G A. First of all, if < then any holomorphic 
function /i in A is an example. If z/ > then all polyanalytic functions of 
order v satisfy the condition (ii, c, r): 

Lemma 18 Any function E in A, polyanalytic of order v ,i.e. having the 
form 

E{z) = ho{z) + zhi{z) + ■ ■ ■z^h.iz), (17) 

where hj are holomorphic in A, satisfies the condition (if, c, r) for all c & A 
and r G (0, 1). 

Proof The set of circles H{a,r) with arbitrary centers c G A and radii 
r G (0, 1) is just the set of all circles C C A. If C = {\z — e\ = r} then for 
2; G C we have 

^2 

z = e -\ 

z — e 

and hence 

2 2 

E{z) = ho{z) + (e + ^—)hi{z) + ■ ■ ■ + (e + ^—Yh,{z). (18) 

z — e z — e 

Clearly, the meromorphic extension of E{z) from C in the disc \z — e\ < r 
develops a pole of order at most z/ at the center e. The real order of the pole 
depends on the order of zero of the function hi,{z) at z = e. Of course, such 
cancellation can occur only for discrete set of the centers. 
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Observe also that the meromorphic extension 1 = e + j {z — e) inside 
the circle |^ — e| = r has no zero in the disc |-2 — e| < r as long as r > \a\, 
i.e. as long as the circle encloses the origin. 

Taking into account Lemma [18], we have reduced the proof of Theorem 
m and hence, the proof of the main result Theorem [2l to the proof of the 
following: 

Proposition 19 The functions defined by PJ]) . [I4\ ) are poly analytic of 
order < v (v > and analytic for z/ < 0. Therefore satisfy the conditions 
[H, c, z/) for all c E A and Theorem^ and Theorem\^ follow. 

In turn. Proposition [19] will follow from the characterization of polyana- 
lytic functions which we are going to obtain now. 



10 Characterization of polyanalytic functions 
in the disc. Proof of Proposition [191 End 



of the proofs of Theorem |4] and Theorem 



For simplicity, in this section, we will denote the complex variable in the unit 
disc by z instead of zi. 

oo 

Theorem 20 Let the power series B{z) = ^n,mZ^'z"^ converges in the 

n,m=0 

unit disc {\zi\ < 1} and its sum B{zi) is continuous in the closed disc A. Sup- 
pose that for a given z/ G Z, the function B satisfies the conditions {H, a, v) 
and {Hjbjij) (Definition [77]) for some two points a, 6 G A. Then B is poly- 
analytic in A of order at most v (analytic in A, if i' <0), i.e. has the form 

m 



Clearly, Proposition [T9] is just Theorem [20] applied to the function B = Bi. 

Remark 21 Theorem was proved in fJ^ for generic one-parameter fam- 
ilies of circles. However, the proof in ^IJrequired stronger condition of regu- 
larity for B in th eclosed disc A The version presented here assumes pretty 
strong regularity (power decomposition) in the open disc but instead only con- 
tinuity in the closed disc. The proof is based on reduction to the case z/ = 
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(holomorphic extension from circles ) and referring to the result of which 
is obtained for this special families (concentric hyperbolic circles) but instead 
under minimal regularity assumptions (just continuity). 

Proof Combining terms in the power series for B{z) , we can represent the 
function B{z) as 

oo 

where hk{z) are holomorphic functions in the unit disc A, continuous in A. 
Define 

H{z) := ^^^^ " ^"^"^ ~ ^^^"g K~ii^)z^-' =f-^h,{z)z'-r (19) 

The function H is again real-analytic in A and continuous in A. 

Now, we have seen in Lemma [18] that the function z^ extends meromor- 
phically from any circle with the pole of order k at the Euclidean center, 
hence the difference B{z) — ho{z) — hi{z)z — ■ ■ ■ — k^^iz^^^ extends from 
circles H{a,r) and H{b,r) with the poles at the Euclidean centers, of order 
at most u. 

Let us analyze singularities of the meromorphic extensions of this dif- 
ference after dividing by z'^. When the circle H(a,r) encloses then the 
meromorphic extension of z"^ inside H{a, r) still has the pole of order u at 
the Euclidean center e(a, r) but has no zeros inside H{a, r). This means that 
the poles of enumerator and denominator in f lT9|) cancel and no new poles 
appear. 

Thus, if is inside the circle H{a,r), then the function H{z) extends 
holomorphically inside H{a,r). This happens when the Euclidean radius 
and and center are related by t{a,r) > e{a,r). The holomorphic extendibilty 
means that the negative Fourier coefficients vanish: 

I{r) := [ H{e{a, r) + t{a, r)e'^)e'""^d(j) = 0, m = 1, • • ■ , 







when r E {1 — 6,1] and £ > is sufficiently small. 

However, H{z) is real analytic and the functions e{a,r),t{a,r) are real 
analytic for r G (0, 1) and therefore /(r) is real-analytic on (0, 1). Then by 
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real-analyticity /(r) = for all r G (0, 1] which means that H{z) analytically 
extends inside all circles H{a,r) not only inside those enclosing 0. Analo- 
gously, H extends holomorphically in all circles H{b,r). Theorem 1.3 from 
^ asserts that then H is holomorphic in A. 
Now, we have, by the construction of H: 

B{z) = ho{z) + hi{z)z + ■■■ + K.ir-' + H{z)r, 

and now we know that H{z) is holomorphic. Thus, B is polyanalytic of order 
u. Theorem [20] is proved. 

According to the reduction summarized in Section [9l this proves Theorem 
m and hence proves Theorem [2l 



11 Proof of Theorem [7] 

The invariant Poisson integral F = Pf coincides with / on the sphere dB^, 
hence, by the construction ([H]) we have for + |-22p = 1 '■ 



f(z,,Z2)=FizuZ2)= ^"^(^I'l^^l) 



4- 



For z/ < 0, the function vanishes for \zi\ = 1,Z2 = 0. Indeed, the 
coefficient functions Bi extend from the circles H{a,r), H{b,r) without sin- 
gularities hence they are holomorphic in the unit disc by Theorem |20] . Then 
-Bf = since they vanish on the unit circle \zi\ = 1. Hence, F'^ = for z/ < 0. 

Now let z/ > 0, Theorem [201 and relations f lTUj) . f lU]) between the functions 
F\ A'{ and B^ yield for z e dB^: 

^ oo ^ oo 

F'i^) = a^uj^j:Br{z,)\zr = nir^E^r(^i), (20) 

where 

B^iz,) = hl,iz,) + ... + hliz,)zl (21) 

Write 

- (kiP-l) + l 
Zi — . 

Z 

Substitute this expression for in the (1211) . We obtain a new representation 
of the form 

B^{z,) = gUzi) + 9lM){i - kiH + ... + glM){i - kiH^ (22) 
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where gj{z) are analytic in A but maybe with poles at ^ = 0. 

However, singularities at z = are impossible because then the mero- 
morphic extensions of Bi{zi) in any of the circles H{a, r), H{b, r) would have 
poles at z = which is not the case if e(a,r) ^ 0, e(6, r) ^ 0. Therefore, 
the singularities of the functions gj{zi) at z = are removable and they are 
holomorphic in A. 

Substitute 1^ into (j^U]): 

F iz^,\z2\) = }^ ^^_^^^^2Y + (i_|^^|2).-i + - + 9iAz^)- 
Summation in the index / implies the representation 

where h'^{zi) are holomorphic. The corresponding series of gi^ in / converge 
because (1 — \zi\'^)i'F'^ is the sum of a power series in and the new rep- 
resentation is nothing but regrouping terms. Then the representation [2] for 
the function / on dB^ follows if one replaces 1 — by \z2\'^, using the 
equation of the sphere. It remains to observe that the continuity of each 
term F'^{zi, 1 2^2 1) ^2 power series for the Poisson integral F = Pf re- 

quires that h^j{zi) = 0,2:1 G A, whenever 2j > v and hence the summation 
is performed only as long as 2j < v. Theorem [7] is proved. 
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